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Abstract
In this paper we give a new proof of Micallef–Wang result concerning the stability of positive isotropic curvature
under surgeries in codimension n (n is the dimension of the manifold in question). And we show that this property
is not true in codimensions n− 1. We also prove that any finitely presented group can be the fundamental group
of a compact n-manifold with positive p-curvature (p n− 4).  2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Our source of ideas about this subject comes from the case of p-curvature. Recall that (see [3–5])
the p-curvature of a Riemannian manifold (M,g), denoted by sp, 0 p  n− 2, is a function defined
on the p-Grassmannian bundle over M , which assigns to every tangent p-plan P at m ∈M the scalar
curvature at m of the Riemannian sub-manifold expm(V ), where V is a neighborhood of 0 in P⊥ (the
orthogonal to P in TmM), and expm is the exponential map. For p = 0 (respectively p = n− 2) it is the
scalar curvature (respectively the sectional curvature).
Note that the positivity of sp implies the positivity of sk for all k = 0, . . . , p− 1. In [6] we proved that
if an n-dimensional Riemannian manifold is with positive (respectively nonnegative) isotropic curvature
then it is with positive (respectively nonnegative) p-curvature, for all p n− 4.
Furthermore, we proved the following
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Proposition. A Riemannian manifold (M,g) has positive isotropic curvature if and only if for any four-
plane P tangent to M we have
1
6
sn−4
(
P⊥
)−W > 0
as an operator on ∧2P . Where sn−4(P⊥) is the (n− 4)-curvature of (M,g) and W :∧2P →∧2P is the
Weyl curvature operator at m of the Riemannian sub-manifold expm(V ), where V is a neighborhood of
0 in P .
In particular, when the manifold is conformally flat, the positivity of the (n−4)-curvature is equivalent
to the positivity of the isotropic curvature.
These results show that the isotropic curvature is very close to the (n−4)-curvature. And consequently
one can expect that many properties of the positivity of the p-curvature remain true for positive isotropic
curvature.
Using this remark, we obtained (see [6]) some results on positive isotropic curvature from our previous
works on the p-curvature (see [3,4]).
In this paper, we will adapt our work (in [5]) on the stability of positive p-curvature under surgeries
to the case of positive isotropic curvature. In fact, we proved in [5] that
If a manifold M is obtained from a manifold N by surgery in codimension  p + 3, and N admits a
metric of positive p-curvature, then so does M . In particular, if M is a compact n-manifold which carries
a Riemannian metric with positive (n− 4)-curvature, then any manifold which can be obtained from M
by surgeries in codimension  n− 1 also carries a metric with positive (n− 4)-curvature.
So it is natural to expect that positive isotropic curvature is stable under surgeries in codimension
 n − 1 (n is the dimension of the manifold). Furthermore, this expected result was confirmed by
M. Micallef as reported by M. Gromov (without proof), see [1, p. 16]. In the case when the codimension
is n, this is already known to be true, and was done by Micallef and Wang in [8]. In Section 3, we will
give a new proof of this result.
But unfortunately, when the surgery is of codimension n − 1, the expected result for the isotropic
curvature is not true. This will be done in Section 2. In fact, we will prove, using only the stability under
surgeries in codimensions  n− 1 of the (n− 4)-curvature, that any finitely presented group can be the
fundamental group of a compact n-manifold with positive (n− 4)-curvature (n 4). Hence we deduce
that the isotropic curvature is not stable under surgeries in codimension n − 1, since, for example, a
finite group of order  3 cannot be the fundamental group of a compact manifold with positive isotropic
curvature.
2. The fundamental group of manifolds with positive p-curvature
In this section we will prove that there is no restrictions on the fundamental group of a compact
manifold with positive p-curvature. Precisely, we will prove the following
Theorem 1. Let G be a finitely presented group. For every n p+ 4, there exists a compact n-manifold
M with positive p-curvature such that π1(M)=G. In particular, for every n 4, there exists a compact
n-manifold M with positive scalar curvature such that π1(M)=G.
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Proof. Let G be a group which has a presentation consisting of k generators x1, x2, . . . , xk and l relations
r1, r2, . . . , rl . Let S1×Sn−1 be endowed with the standard product metric which is with positive p-curva-
ture (n− 1 p+ 2). Remark that the fundamental group of S1 × Sn−1 is infinite cyclic. Hence by taking
the connected sum N of k-copies of S1×Sn−1 we obtain an orientable compact n-manifold with positive
p-curvature (since this operation is a surgery of codimension n p+ 3). By Van-Kampen theorem, the
fundamental group of N is a free group on n-generators, which we may denote by x1, x2, . . . , xk . We
now perform surgery l-times on the manifold N , killing in succession the elements r1, r2, . . . , rl . The
result will be a compact, orientable n-manifold M with positive p-curvature (since the surgery is of
codimension n− 1 p+ 3) such that π1(M)=G, as required. ✷
Remark. This method of construction was used by Seifert and Threlfall to prove that any finitely
presented group can be the fundamental group of a compact four-manifold, see [7].
In the particular case when p = n− 4, we have
Corollary. Let G be a finitely presented group. For every n  4, there exists a compact n-manifold M
with positive (n− 4)-curvature such that π1(M)=G.
Now, we will discuss the case of positive isotropic curvature. First, note that in the previous proof we
used only the stability of the (n−4)-curvature under surgeries in codimension  n−1. And hence, if the
isotropic curvature had the same property (that is the stability under surgeries in codimension  n− 1),
using the previous proof, we can show that any finitely presented group (in particular, any finite group)
is the fundamental group of a compact n-manifold (n  4) with positive isotropic curvature. But this
is known to be not generally true. In fact A. Reznikov proved in [9] the following restriction on the
fundamental group of a compact four-manifold with positive isotropic curvature.
Theorem. Let M be a compact orientable four-dimensional manifold with positive isotropic curvature.
If π1(M) is finite, then it is a cyclic group of order 1 or 2.
3. Stability of positive isotropic curvature under connected sums
In this section, we construct a new metric with positive isotropic curvature on the connected sum
of any two manifolds having each one a metric with positive isotropic curvature. Hence, we obtain an
alternative proof for the Micallef–Wang theorem stated in the introduction. Note that our construction
here is an adaptation of the one of Gromov and Lawson [2] in the case of scalar curvature.
Sketch of proof. Suppose (X,g) has positive isotropic curvature and its dimension n  4. Let p ∈ X
and B(r0) be a geodesic ball centered at p. We shall deform the metric on X\{p}, while preserving
positive isotropic curvature, so that it agrees with the old one near ∂B(r0) = Sn−1(r0) and so that near
p it is a Riemannian product R × Sn−1, where Sn−1 is a Euclidean sphere of some radius. This radius
can be chosen arbitrarily, provided it is sufficiently small. We then obtain a metric with positive isotropic
curvature on the connected sum by doing exactly the same thing for the second manifold.
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Fig. 1.
Complete proof. Let D(r0) denote a normal coordinate ball centered at p ∈X. There exists r0 such that
exp :D(r0)→X
is an embedding. Let then exp∗ g denotes the pullback to D(r0) of the metric g on X via the exponential
map. We now define an hypersurface M in the Riemannian product (D(r0), exp∗ g)×R by the relation
M = {(v, t) ∈D(r0)×R | (‖v‖, t) ∈ γ }
where γ is a curve whose graph in the (r, t)-plane is pictured in Fig. 1.
The important points about γ is that it is tangent to the r-axis at t = 0 and is constant for r = ε > 0.
Thus the induced metric on M extends the metric exp∗ g on D(r0) near its boundary and finishes with
the product metric(
∂D(ε), exp∗ g
)×R= (Sn−1(ε), exp∗ g)×R.
As in [2] we can deform the metric on the tubular piece, through metrics with positive isotropic curvature,
to the standard product of the Euclidean sphere Sn−1 with R. The key difficulty is to choose the curve γ
so that the metric induced on M has positive isotropic curvature for all points m ∈M . Then, let us first
calculate the isotropic curvature of M :
For every m ∈M , we have the following orthogonal decomposition of TmM :
TmM =R.τ ⊕ TmSn−1(r)
where τ is the unit tangent vector to the curve γ in the (r, t)-plane.
The proof of the following lemma is straightforward (see [5] or [2]):
Lemma. The second fundamental form of the hypersurface M is of the following form with respect to the
previous orthogonal decomposition of TmM

k 0 ................... 0
0
...
(
− Id
r
+O(r)
)
sin θ
0


where k denotes the curvature of the curve γ in the (r, t)-plane and θ denotes the angle between the
normal to M and the t-axis.
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Let now P be any isotropic two-plane in TmM ⊗ C. We can choose (see the second lemma of
Section 3 in [6]) a standard basis (U1,E1,U2, V2) for this plane such that U1,U2, V2 ∈ TmSn−1(r) and
E1 = ατ + βV1, where V1 is some unit vector in TmSn−1(r).
Hence the isotropic curvature of the two-isotropic plane P is given by
IsotM(P )=KM(U1,U2)+KM(U1, V2)+KM(E1,U2)+KM(E1, V2)− 2RM(U1,E1,U2, V2).
On the other hand, by a direct computation using Gauss equation and the previous lemma, we obtain that
KM(E1,U2)=KD(Eˇ1,U2)+ β2
(
1
r2
+O(1)
)
sin2 θ + α2
(
−1
r
+O(r)
)
k sin θ +O(1) sin2 θ,
KM(U1,U2)=KD(Uˇ1,U2)+
(
1
r2
+O(1)
)
sin2 θ +O(1) sin2 θ,
RM(U1,E1,U2, V2)=
√
1− α2 sin2 θ RD(U1, Eˇ1,U2, V2),
where
Eˇ1 = α cos θ
∂
∂r
+ βV1√
1− α2 sin2 θ
.
We have indexed by M (respectively D) the sectional curvature of M (respectively D(r0)). The
calculations for KM(E1, V2) and KM(U1, V2) are similar. Hence the isotropic curvature of M is
IsotM(P )=KD(U1,U2)+KD(U1, V2)+KD(Eˇ1,U2)+KD(Eˇ1, V2)+O(1) sin2 θ
+ (2+ 2β2)
(
1
r2
+O(1)
)
sin2 θ + 2α2
(
−1
r
+O(r)
)
k sin θ
− 2
√
1− α2 sin2 θ RD(U1, Eˇ1,U2, V2).
This can be transformed to the following form
IsotM(P )= IsotD(Pˇ )+ (2+ 2β2)
(
1
r2
+O(1)
)
sin2 θ + 2α2
(
−1
r
+O(r)
)
k sin θ +O(1) sin2 θ,
where Pˇ is the isotropic plane tangent to D(r0) spanned by (U1, Eˇ1,U2, V2), that is, the orthogonal
projection of P onto the tangent to D(r0).
Since 2+ 2β2 > 0, one can use exactly the same procedure of bending the curve γ as in [2] to find a
curve such that k A/r0, for some constant A, and then the isotropic curvature of M will be positive if
r0 is chosen sufficiently small. This completes the proof. ✷
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